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“…one	 finds	 it	 extremely	 difficult	 to	 avoid	 the	 acquisitionist	 language	altogether.	Whenever	we	try	to	comprehend	a	change,	 the	perpetual,	bodily	roots	of	all	our	thinking	compel	us	to	look	for	structure-imposing	invariants	and	to	talk	 in	terms	of	objects	and	abstracted	properties.	We	seem	to	know	no	 other	 route	 to	 understanding.	 No	 wonder,	 therefore,	 that	 those	 who	oppose	objectification	and	try	to	exorcise	abstraction	and	generalization	from	the	 discourse	 on	 learning	 find	 themselves	 entangled	 in	 conflicting	statements.	They	may	be	making	heroic	efforts	 to	 free	 themselves	 from	the	idea	of	 learning	as	acquisition,	but	the	metaphor-	engraved	in	the	language-	would	invariably	bounce	back…	As	I	argue	in	the	concluding	section,	even	if	one	 cannot	 solve	 the	 dilemma,	 one	 can-	 and	 probably	 should-	 learn	 to	 live	with	it.”	(Sfard,	1998,	p.	10)		






















































for	a	diagnosis.	Thus,	even	though	they	experience	real	mathematical	difficulties,	without	a	diagnosis	they	would	probably	not	receive	support	at	school.	Second,	the	problem	of	a	discrete	point	on	a	continuous	model	creates	an	issue	of	over-diagnosis	as	well.	Students	may	be	labeled	with	a	mathematics	LD,	because	they	fall	within	the	pre-determined	scores	but	may	not	be	experiencing	any	mathematics	difficulty.		Thorndike	(1963)	elaborates	the	many	statistical	problems	with	these	diagnostic	tests,	including	even	giving	parameters	for	“achievement.”	Most	significant	among	the	problems	is	at	the	foundation	of	these	diagnostic	tests	is	the	use	of	a	normal	model.		Normal	models	create,	and	are	used	as,	a	comparison	to	a	“norm”-meaning	a	“normally”	functioning,	or	achieving,	child.	Thus,	instead	of	celebrating	differences	between	children,	any	score	that	differs	from	the	norm,	especially	those	that	differ	to	the	left	(or	are	lower),	are	considered	negatively,	relative	to	the	“normally”	functioning	child	(Davis,	Sumara	&	Luce-Keplar,	2000).	The	scores,	in	relation	to	their	position	on	the	normal	model,	serve	to	put	parameters	around	learners.	If	learners	achieve	beyond	what	these	scores	predict,	that	is	outside	or	to	the	right	of	their	position	on	the	normal	model,	this	achievement	is	negated	with	the	label	of	“over-achieving”	(Thorndike,	1963).8	This,	despite	the	arbitrariness	of	even	using	discrete	cut-off	scores	on	a	continuous	model	to	begin	with.			 Fletcher	and	colleagues	(2013)	group	the	various	methods	of	diagnosis	into	four	different	categories:		(i) “aptitude-	achievement	discrepancy”	(p.37):	a	discrepancy	between	aptitude,	or	measured	intelligence,	and	achievement;	(ii) “patterns	of	cognitive	strengths	and	weaknesses”	(p.39):	utilizes	standardized	tests	to	compare	cognitive	processes	in	relation	to	achievement;	
																																																								8	Note	that	I	use	an	older	source	from	1963	to	support	my	statement	around	over-achieving.	This	is	intentional.	It	has	been	50	years	since	Thorndike	wrote	his	treatise	on	“over-achievement,”	and,	yet,	I	have	experienced	this	practice	quite	recently,	with	psychometrists	making	judgment	on	why	certain	children	are	achieving	beyond	what	their	scores	would	predict.	
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	“Zero	 became	 the	 language	 of	 nature	 and	 the	 most	 important	 tool	 in	
mathematics.	 And	 the	 most	 profound	 problems	 in	 physics-the	 dark	 core	 of	 a	
black	hole	and	the	brilliant	flash	of	the	big	bang-are	struggles	to	defeat	zero.	Yet	
through	 all	 its	 history,	 despite	 the	 rejection	 and	 the	 exile,	 zero	 has	 always	
defeated	 those	 who	 opposed	 it.	 Humanity	 could	 never	 force	 zero	 to	 fit	 its	























































































observations	to	the	classroom	situation,	Pirie	and	Kieren	(1994)	said	that	it	is	not	the	intentions	of	the	teachers	that	determine	growing	understanding,	but	how	the	child	interacts	with	the	actions	or	discourse	provided	them	to	grow	their	understanding.	Informed	by	Von	Glasersfeld’s	constructivist	theories,	Pirie	and	Kieren	advocated	an	alternative	to	the	discourse	of	the	day	that	slotted	understanding	into	static	categories,	and	did	not	have	a	meta	approach	to	understanding	understanding.	They	stated	a	need	to	develop	a	model	of	understanding	that	could	inform	the	process	of	teaching	actions	while	still	being	a	research	tool	(Pirie,	1988).	They	saw	the	role	of	their	model	as	one	of	exploring	acts	of	meaning	making	in	mathematics,	not	in	determining	a	fixed	acquisition	point	of	a	child’s	mathematical	knowledge	(Pirie	et	al.,	1994).	While	there	were	other	theories	of	mathematical	understanding	at	the	time	with	similar	ideas	about	understanding,	the	other	models	were	not	practically	useful	in	charting	a	pathway	of	understanding	(Pirie	et	al.,	1989).	Importantly,	the	theory	that	Pirie	and	Kieren	developed	had	the	benefit	of	analyzing	growth	throughout	the	entire	process	of	growth,	beginning	from	Primitive	Knowing	and	continuing	all	the	way	through	to	Axiomatization	(McClain	&	Cobb,	1998,	p.58).		First	 in	 1989	 and	 again	 in	 1994,	 Pirie	 and	 Kieren	 outlined	 a	 theory	 of	 growth	 in	understanding	that	represented	understanding	as	a	dynamic	recursive	process:		“The	 purpose	 of	 this	 paper	 has	 been	 to	 show	 a	 theory	 of	 the	 growth	 of	mathematical	 understanding	 which	 is	 based	 on	 the	 consideration	 of	understanding	 as	 a	whole,	 dynamic,	 leveled	but	non-linear	process	 of	 growth.	This	 theory	 demonstrates	 understanding	 to	 be	 a	 constant,	 consistent	organisation	 of	 ones	 knowledge	 structures:	 a	 dynamic	 process,	 not	 an	acquisition	of	categories	of	knowing.”	(Pirie	&	Kieren,	1994,	p.187)			The	theory	was	not	meant	to	supplant	other	theories;	the	purpose	of	the	PK	theory	was	to	expand	 the	 lens	of	understanding	of	 the	 researcher,	 teacher	and	 field.	At	 the	 root	of	 this	theory	are:		
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		 The	purpose	of	the	number	flexibility	tasks,	like	the	introductory	interview	is	to	begin	with	a	task	with	which	students	would	have	success.	Included	in	this	set	are	3	tasks,	all	of	which	include	linking	cubes	as	a	manipulative:			 (i) decomposing	number	task,		(ii) hiding	task,	and		(iii) addition	and	subtraction	with	trains.			 The	decomposing	number	task	consists	of	asking	participants	to	decompose	the	numbers	10,	17	and	36	into	multiple	arrangements	of	two	sets	of	numbers.	Although	each	number	can	be	decomposed	into	more	than	two	sets	of	numbers,	for	example	the	number	10	can	be	broken	down	into	1,	1,	2	and	6,	or	it	can	be	broken	down	into	1	set	of	5,	1,	1,	1,	1,	and	1,	I	purposely	ask	for	only	two	sets	when	decomposing.	I	have	two	considerations	for	this	focus.	The	first	consideration	is	time.	This	task	is	meant	to	be	a	quick	introductory	task-	there	are	too	many	combinations	and	possibilities	for	decomposing	the	numbers	into	
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number	so	I	thought	a	zero	can	be	bigger	than	a	number	but	if...	thirty-five	is	bigger	than	thirty,	like	this	number	right	now	is	bigger	than	three	one	three	zero.	'cuz	that's	thirty	and	this	one's	thirty-five.	But	how...	like,	I	thought	zero	can	be	big?		Like	(I	thought	it	was	really	big)...			 Angela	is	just	coming	across	a	paradox	in	her	reasoning:	If	zero	is	a	big	number	because	anything	can	go	on	top	of	the	zero	than	why	is	5135	bigger	than	5130?	Melissa	attempts	to	help	Angela	through	her	paradox:		M:		 (Well)	it's	just	adding	five.		A:		 I	thought	like	zero	is	like,	could	be...	like,	is	a	bigger	number.	Or	could	be	a	bigger		number	than...	M:		 Well..	it		kind	of	could.	like...	if	you	have...	kind	of,	if	you	would	have	like...	(reaches	
for	another	strip)	three	hundred	and	five	(writes	it	down).	and	then	like	the	zero	is	kind	of	coming	to	represent	the	three	hundred,	and	then	the	five's	just	like	added.		Melissa	is	attempting	to	explain	to	Angela	that	the	essence	of	the	implicit	zero	is	not	about	units,	where	the	unit	zero	is	bigger	than	any	other	unit	number.	She	is	explaining	that	the	implicit	zero	is	multiplicative.	The	zero(es)	is	attached	together	to	change	the	meaning	of	digits	in	higher	places.		A:		 Ohhh,	I	think	I	get	what	you’re	saying	M:		 And	it's	in	the	ones	place	maybe.	A:		 Oh,	I	think	I	get	what	she's	saying.	Like.	that's	like	three	hundred	and	then,	three	oh	five.	It's	three	hundred	then	(you’re	just	adding	a	five	to	make	it	a	little	bigger)	M:		 (Is	it	the	zero	almost	bigger,	‘cuz	it's	in	the)	hundreeeeeeeeeds	A:		 Or	there's...	Or	there's	a	five	and	you	wanted	to	make	it	smaller	so	you	(erase	the	other	number).	(Whispers	the	last	part).	M:		 (Yeah	because)	isn't...	the	five	is	in	the	one's	place	and	the	zero	is	in	the	tens	place	so	it's	(kind	of	considered	bigger).		A:		 (Should	I	explain	it	to...)	I:		 (and	what's	hiding	behind	the	five?)	M:		 Zero.		I:		 So	what	can	we	say	then?	A:		 Oh	I	get	what	she's	saying.	Once	there	is	a	number	five	three	one	oh,	three	hundred	and	ten,	under...	I	mean	sorry...k…three	hundred	and	five,	and	under	that	five	is	a	zero.	Is	that	what	she's	saying?		I:		 Is	that	what	you're	saying	Melissa?	M:		 yeah.	
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A:		 Under	the	five	the	zero		 In	this	later	episode,	Angela’s	understanding	of	the	implicit	zero	has	moved	into	Image	Making	and	then	into	Image	Having	as	she	makes	connections	between	implicit	zero	and	object	construction	(Lakoff	et	al.,	2000)	zero.	At	the	beginning	of	this	excerpt,	Angela’s	idea	that	zero	has	the	largest	value	of	any	number	stems	from	her	thinking	that	zero	is	not	implicit,	but	flexible	with	the	possibility	that	zero	can	be	changed	into	any	digit.		Working	with	Melissa,	Angela	begins	to	recognize	the	implicitness	of	zero,	that	it	is	present,	even	though	she	cannot	see	it.	Melissa	tells	Angela	that	“five’s	just	like	added.”	This	is	an	act	of	shared	Image	Making:	the	zero	is	implicit,	and	that	the	five	is	layered	on	top	of	the	zero.	With	this	understanding	Angela	realizes	how	it	is	possible	for	5135	to	be	larger	than	5130.			 During	our	original	session,	it	seems	that	elements	of	the	implicit	zero	and	its	connectedness	are	not	yet	in	Angela’s	repertoire	for	numbers	of	larger	magnitude.	However,	elements	of	the	implicit	zero	are	in	Angela’s	primitive	knowing	for	two-digit	numbers.	In	this	case,	Angela	demonstrates	a	particular	knowing,	or	a	limited	image,	of	an	implicit	zero	important	for	decomposing	two-digit	numbers	(Kilpatrick	et	al.,	2001).	For	the	adding	trains	task,	I	present	Angela	with	two	trains	of	ten	blocks	and	six	non-connected	blocks.	I	ask	Angela	to	add	9	to	the	trains.	Angela	can	use	whatever	tools	she	would	like	to	solve	the	problem.	Angela	chooses	to	use	her	fingers	to	count	up	from	26	to	35.	Then	I	ask	Angela	to	add	16	to	the	original	26	blocks,	this	time	Angela	chooses	a	different	strategy:		 “Well,	(tapping	fingers	on	the	table	each	time	she	says	a	number)	6	plus	6	is	12.	(looks	to	the	side)	So	12...	then	that's	32.	And	add	a	10...	42.”		Here,	Angela	decomposed	the	numbers	26	and	16,	with	their	implicit	zeroes,	to	arrive	at	her	answer	of	42.	While	at	this	point	I	am	still	unsure	as	to	why	Angela	used	the	two	different	strategies,	her	use	of	the	strategies	is	important	for	distinguishing	between	seeking	a	relationship	with	ten	(Murata	&	Fuson,	2006)-the	first	addition	task,	and	the	implicit	zero-the	second	addition	task.	Angela’s	strategy	of	decomposing	the	two-digit	numbers	reveals	a	knowing	of	implicit	zero.	
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4.6	Zooming	In…	What	is	Zero?	







































































































































































































1) a	number	to	be	acted	upon	-	it	is	situated	in	an	equation,	and	there	are	symbols	around	it-requiring	action16-	the	object	construction	metaphor	(Lakoff	et	al.,	2000),	and		2) nothing-it	has	no	effect	on	the	other	number.			I	ask	Angela	what	she	thinks	about	8	=	10	-	2	and	0	+	8	=	10	-	2.	In	so	doing,	I	have	called	attention	to	the	idea	that	the	two	questions	are	similar.	Angela	responds:		 “(looks	at	the	questions)	Oh.	So	this	one	(pointing	to	the	0+8=10-2)	is	the	same...	Yeah	so	it's	true.	Because	it's	the	same.	Just	this	one	doesn't	have	zero	because	8	(moving	pencil	back	and	forth	between	the	2	questions)	equals	10	take	away	2	(sounds	sure	but	looks	at	me).	(Writes	true	beside	the	question).”		Angela	looks	at	both	questions	and	her	tension	is	immediately	resolved.	The	questions	are	similar,	the	only	difference	is	a	zero.	In	the	moment	Angela	writes	true	beside	her	answer,	I	wonder	if	Angela	is	in	Primitive	Knowing	and	thickening	her	understandings	or	is	she	in	Image	Making,	beginning	to	build	images	of	the	relationships	between	the	ideas	of	zero.	Has	Angela	gone	back	to	zero	as	nothing	and	therefore	she	can	ignore	it,	or	has	she	begun	to	integrate	the	addition	identity	property	of	zero?	It	is	difficult	to	tell	right	now,	but	with	the	next	question	of	0	+	8	=	8	-	0	and	Angela’s	reasoning	moving	into	Image	Having,	I	realize	that	Angela	is	in	Image	Making	here.	Although	now	building	in	Angela’s	understandings	are	these	other	personalities	of	zero,	Angela	still	has	the	addition	identity	property	of	zero	in	her	primitive	knowing.		Thus,	Angela	concludes	that	both	the	questions	are	the	same,	and	if	something	is	true	for	one	question	then	it	is	true	for	the	other.	Through	the	identification	of	similarities	and	the	reasoning	of	zero’s	role,	Angela	is	building	an	image	of	how	the	different	properties	of	zero	that	make	up	zero	as	a	mathematical	object,	operate	with	each	other.			 Angela	now	encounters	her	next	quandary:	0+8=8-0:																																																										16	Note	that	in	the	story	problem,	Angela’s	primitive	knowings	around	addition,	subtraction	and	number	are	focused	on	action.	
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5.4	Zooming	In…	Just	Ten	There	Is	Nothing	Else																																							 Figure	5.2	Melissa	Zooming	In…	Just	Ten		 Melissa	is	decomposing	ten.	She	starts	from	nine	and	one,	making	a	pile	of	nine	cubes	and	one	cube,	and	then	progresses	to	eight	and	two,	also	representing	the	pairs	by	two	piles	of	cubes.	Melissa	continues	in	this	way	through	to	five	and	five	and	then	back	to	one	and	nine.	After	one	and	nine,	Melissa	makes	a	pile	of	ten	cubes	and	declares	it	to	be	ten:		ME:		 uhhh	4	and	ummm...	(looks	to	the	side	and	wiggles	fingers)	6.	3	and	7.	I	did		that	one.	2	and	8...uhhh	1	and	9	and	(looks	to	the	side)	10	(laughs	and	makes	hands	



















































I	ask	Melissa	to	place	the	number	five	on	the	number	line.	Melissa	moves	her	thumb	and	pointer	along	the	line.	It	seems	that	she	is	apportioning	spaces	for	the	numbers	around	five.	Melissa	moves	her	fingers	close	to	ten	and	then	a	few	spaces	backwards,	before	she	decides	where	to	place	the	five:	near	the	midpoint	between	ten	and	one,	closer	to	one.	I	am	curious	as	to	how	Melissa	is	thinking	about	deciding	where	to	put	the	five.	Is	Melissa	using	the	supporting	knowing	that	the	numbers	on	a	number	line	are	equidistant	from	each	other?	I	ask	Melissa	to	explain	to	me	what	she	is	thinking.	She	explains	that	the	number	line	page	is	on	top	of	a	sheet	of	graph	paper.	Melissa	is	using	the	graph	paper	to	help	her	determine	where	“the	middle	is”	to	place	the	five.	Earlier,	before	beginning	this	task,	Melissa	and	I	noticed	that	the	table	Melissa	would	be	writing	on	was	not	smooth	and	full	of	bumps.	Melissa	had	placed	a	pile	of	papers	under	the	papers	she	would	be	writing	on.	At	the	top	of	the	pile	is	a	sheet	of	graph	paper.	Certainly,	the	intention	of	the	graph	paper	is	not	to	use	it	as	a	tool.	And,	importantly	without	a	recognition	of	the	relationship	between	space	and	place	on	the	number	line,	the	graph	paper	would	not	necessarily	be	an	accurate	tool.	However,	Melissa,	recognizing	that	a	knowing	of	the	number	line	is	that	the	numbers	are	each	equidistant,	utilizes	the	graph	paper	to	help	her.			I	now	ask	Melissa	to	place	the	two	onto	the	number	line.	This	time,	Melissa	does	not	pause	to	measure	before	placing	the	two	on	the	number	line.	Melissa	does	pause	to	think,	however,	after	placing	the	two.	She	now	judges	the	five	to	be	too	close	and	decides	to	shift	the	five	to	the	left.	The	five	is	now	visibly	to	the	left	of	the	midpoint.	Melissa	pauses	again	and	takes	a	breath:		ME:		 These	are,	like	very	weird	places	(laughs).		I:		 Are	the	lines	throwing	you	off	in	the	back	also?	ME:		 No,	it’s	not	this.	It’s	ummm…	where	the	one	is.	If	the	one	was	heerrrrre	(points	to		
space	right	next	to	the	left	arrow	on	the	number	line)…	I:	 It	would	be	easier?	ME:	 Right.			Melissa	is	experiencing	difficulty	placing	the	numbers	on	the	number	line.	One	reason	for	this	difficulty	is	she	is	not	viewing	the	number	line,	with	its	dual	arrows,	as	continuous.	The	
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number	line	as	continuous	is	a	supporting	image	of	the	motion	metaphor	of	zero.	Rather	than	the	location	where	I	have	placed	the	one,	somewhere	in	the	middle	of	the	number	line,	Melissa	would	prefer	to	have	the	one	in	the	first	available	space	beside	the	left	arrow.	Noticeably,	again,	Melissa	does	not	mention	the	zero.	Instead,	Melissa	wants	to	move	the	one	into	that	first	place.			 Melissa’s	primitive	knowing	of	the	number	line	as	discreet	is	causing	a	conflict.	Yet,	although	Melissa	is	experiencing	a	conflict,	she	is	still	working	within	the	parameters	of	the	task	I	have	presented-Melissa	has	not	physically	moved	the	one	to	where	she	would	prefer.	While	Melissa	indicates	she	is	experiencing	a	conflict,	at	the	same	time	she	is	not	independently	engaging	with	the	conflict	in	order	to	reconcile	her	understandings.	Previously,	while	in	Melissa’s	classroom,	I	observed	geometry	lessons	explicitly	covering	continuous	and	discrete	lines.	Thus,	I	make	a	note	that	Melissa	does	potentially	have	a	prior	experience	with	continuous	lines	and	arrow	symbols	that	could	support	an	engagement	with	her	conflict.			Thinking	about	how	to	intervene,	I	decide	to	ease	the	conflict	for	now	by	making	Melissa	consider	the	line	as	discreet.	Considering	the	line	as	discreet	still	leaves	room	for	some	conflicts,	but	I	will	eventually	re-enter	the	conflict	of	the	line	being	continuous	when	I	ask	Melissa	to	place	the	zero	on	the	number	line.	In	this	way,	utilizing	the	notion	of	continuous,	I	can	observe	Melissa’s	ideas	around	zero,	and	if	and	how	zero	can	help	reconcile	her	conflict.	I	ask	Melissa	if	it	would	help	her	to	cover	the	empty	space	between	the	one	and	the	left	arrow.	Melissa	tentatively	agrees.	With	the	empty	space	covered	with	my	hand,	Melissa	uses	her	pencil	to	apportion	out	the	numbers:		ME:	 So…	2…3…4…4	(taps	on	page	where	the	5	was	before	she	moved	it)…5,	6,	7,	8,	9.		There’s	not	enough	room.	I:		 huh.	ME:	 Because	it	has	to	go	point	(apportioning	space	with	her	finger	on	the	number	line)1,		point	2,	point	3,	point	4,	point	5,	point	6,	(point	7,	point	8…)	I:	 (Like	a	ruler?)	ME:	 point	9,	2.	
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	 In	this	episode	Melissa	begins	sentences	orally,	then	finishes	them	with	gestures.	Thus,	watching	and	analyzing	Melissa’s	gestures	(Radford,	2009a)	are	important	to	help	me	understand	what	she	is	trying	to	convey	about	her	understanding	of	zero.	In	trying	to	relate	the	abstractness	of	zero,	Melissa	reaches	for	infinity.	Although	infinity	and	zero	are	similar	in	abstractness	and	in	their	late	acceptance	in	the	history	of	numbers	(Pogliani	et	al.,	1998),	infinity	and	zero	stand	at	two	opposite	and	extreme	ends	of	the	spectrum.	Melissa	experiences	a	conflict	as	she	tries	to	blend	the	two	disparate	ideas	into	one	image.		Blending	requires	making	a	connection	between	one	input	to	another	input.	I	wonder	what	the	connection	is	that	Melissa	is	attempting	to	make.			For	infinity,	Melissa	pauses	and	she	lifts	her	hand	into	an	open	grasp,	as	if	she	is	waiting	to	catch	something.	Infinity	is	number	without	end,	a	number	that	can’t	be	caught.	Then,	faced	with	the	narrowness	of	“zero	as	nothing,”	Melissa	grasps	the	zero	and	drops	her	hands.	There	is	at	first	a	fluidity	and	then	a	finality	to	Melissa’s	movements	as	she	iterates	that	zero	is	nothing.	While	I	am	still	wondering	about	Melissa’s	blend	and	subsequent	gestures,	Melissa	leaves	infinity	and	drops	back	to	Primitive	Knowings	about	decimal	numbers	and	the	number	line.		I	do	not	interrupt	Melissa’s	movement	into	decimal	numbers	to	ask	her	about	infinity.	Through	the	number	line	task,	I	have	learned	that	Melissa	can	set	aside	her	conflict	without	resolving	it.	I	wait	for	Melissa	to	revisit	the	idea	of	infinity	on	her	own	because	if	I	intervene	I	run	the	risk	of	ending	the	conflict.			At	 present	 Melissa	 is	 now	 trying	 to	 create	 a	 blend	 between	 zero	 and	 decimal	numbers:		ME:		 (looking	up)...It's	like...if	you...it's	the	number	before	one.	(laughs).	It's	like...it's...	because	it	is	a	number,	so	technically	it's	the	first	number.	Unless	you	would	do	like...like	(moves	mouth)	point	nine?	I:		 (nodding	head)	ME:		 Or	point	nine	I:		 And	point	nine	would	be	the	first	number?	ME:			 Well…	
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I:		 If	it	wasn't	for	zero?	ME:		 No.	Probably	point	zero.	(looking	around	confused).	(laughs)…	Wait	one...	I:		 What	do	you	think	point	zero	means?		MA:		 ...zero	(says	it	likes	she	is	sure).	Yeah.	But	like...It's	just	nothing.	(Laughs).		At	the	same	time	as	Melissa	iterates	that	zero	is	a	number,	she	is	starting	to	create	an	image	of	what	the	concept	of	zero	as	a	number	means.	Melissa	knows	sequentially,	zero	comes	before	one.	We	have	already	encountered	zero	before	one	during	the	number	line	task,	and	Melissa	did	not	experience	any	conflict	with	this	notion.	Yet	now	Melissa’s	language	is	tentative.	She	uses	the	word	“technically,”	as	a	modifier	for	zero	being	“the	first	number.”	Zero	as	the	first	number	is	not	the	only	concept	Melissa	is	tentative	about,	Melissa	is	tentative	about	point	nine	as	well.	She	mouths	“point	nine”	before	she	articulates	the	words	“point	nine.”	Zero	is	the	first	number,	“technically,”	and	it	is	a	potential	contradiction	to	her	image	that	decimal	tenths	also	come	before	one.	Point	nine	comes	before	one	and	so	does	zero.	Melissa	has	not	created	a	blend	between	these	two	ideas	yet.	Zero	before	one	and	the	possibility	of	decimal	tenths	before	one	are	separate	concepts	for	Melissa.	Zero	and	decimal	tenths	now	need	to	be	reconciled.			 At	this	moment	I	have	a	lot	of	questions	about	Melissa’s	thinking.	I	am	still	wondering	about	infinity,	and	now	about	Melissa’s	tentativeness	about	zero	being	the	first	number,	as	well	as	zero’s	conflict	with	decimal	tenths	being	numbers	before	one.	I	decide	that	since	Melissa	has	just	experienced	the	conflict	between	decimal	numbers	and	zero,	I	would	take	that	avenue	of	questioning.			From	our	previous	discussions	around	the	number	line,	I	know	that	Melissa	has	the	other	decimal	tenths	in	her	frame	of	reference	in	addition	to	point	nine.	I	wonder	what	would	happen	with	Melissa’s	thinking	if	I	draw	out	the	other	decimal	numbers	that	come	before	point	nine.	Will	Melissa	get	to	zero	or	will	she	continue	from	point	one	on	to	decimal	hundredths?	Thus,	I	ask	Melissa	if,	“point	nine	would	be	the	first	number?”	adding,	“if	it	wasn’t	for	zero?”	I	immediately	regret	this	addition.	The	phrase,	“If	it	wasn’t	for”	could	create	a	hierarchy	where	only	if	zero	was	not	there	could	decimal	tenths	be	the	first	
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5.7	Zooming	In…	Zero	minus	one										 Figure	5.8	Melissa	Zooming	In…	Zero	minus	One		 Melissa	is	now	working	on	the	zero	question	sheet.	She	accurately	fills	in	the	answer	of	1	for	the	first	three	questions:	1+0,	0+1	and	1-0.	Melissa	laughs	and	remarks,	“they’re	all	the	same	thing.”	Then	Melissa	arrives	at	the	fourth	question:	0-1=___,	and	stops:		MA:	 one	minus	zero...	what?	I'm	really	confused.	Is	this	like...	you	can't	do	(stresses	the	


































































































































left	pile),	because	 seven...	 (pauses	to	count	the	left	pile	by	twos).	Yeah.	 (looks	at	
interviewer)	I'm	pretty	sure.	Yeah.”			The	fact	that	there	are	really	eight	cubes	in	each	of	Megan’s	piles	is	inconsequential	here.	It	is	common	for	all	people,	at	times,	to	make	small	numerical	errors	especially	between	close	numbers	(Deheane,	2011),	in	this	case	7	and	8.	Of	interest	is	Megan’s	tentativeness	to	give	an	answer	for	the	second	pile	only	after	I	ask	her	to	repeat	herself.	Megan’s	usage	of	symmetry	in	this	case	is	strategic.	Once	she	knows	the	number	in	one	pile,	there	is	no	need	to	count	the	cubes	in	the	second	pile.	Because	of	her	motions	of	symmetry,	making	one-to-one	correspondence	between	the	two	piles,	the	two	piles	are	the	same	amount.		Through	asking	Megan	to	repeat	her	answer,	I	am	giving	her	a	cue	to	question	her	strategy	and	thus,	her	understanding.	Notably,	Megan	begins	to	defend	that	there	are	seven	in	the	second	pile:	“because	seven…”	However,	this	does	not	last	long,	as	still	questioning	herself,	Megan	pauses	to	count	and	then	look	at	me	for	verification.		
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After	asking	Megan	about	the	two	piles,	she	first	moves	the	middle	cube	into	the	right	pile,	noting	while	studying	my	expression	that	the	number	in	each	pile	is	now	eight	and	seven.	Then	in	finding	another	way	to	create	two	piles	from	17,	Megan	transfers	one	cube	from	the	right	pile	into	the	left	pile	and	again	while	still	focusing	on	my	expression,	notes	the	number	in	the	piles	as	seven	and	eight.	After	these	two,	Megan	pauses	and	changes	her	focus:		MN:	 (moves	one	pile	towards	the	second	pile	and	looks	at	the	Interviewer).	Can	I	do	that?		Or...	I:		 Yeah.	You	can	definitely	do	that.	MN:		 (looks	excited)	OK.	I:		 So	what's	your	2	piles?		MN:		 seven...	This	is	one	(motions	in	circular	motion	with	hand)	and	then...	(Interviewer		








































































































three	pieces	of	information	in	the	instruction	to	write	9218.	There	is	the	nine	thousand,	the	two	hundred	and	the	eighteen.	And	Megan	does	say,	“wow.”	It	is	possible	that	with	three	pieces	of	information	Megan	simply	let	one	piece	go.	Even	though	I	am	in	the	midst	of	a	delicate	balance	between	giving	Megan	space	to	think	and	intervening,	I	regret	not	asking	Megan	to	revisit	the	two	hundred.	A	discussion	around	the	absence	of	the	two	hundred	might	have	the	potential	to	either	problematize	the	symmetry	that	Megan	is	creating,	or,	alternatively,	the	revisiting	might	bring	concatenation	to	the	forefront.			 I	wonder	again	if	Megan	is	confusing	the	rule	for	the	commas	with	the	actual	place	value,	or	if	Megan	is	concatenating	the	number?	How	is	Megan	viewing	the	added	zeroes?	Are	 they	arbitrary,	and	can	therefore	simply	be	added	to	create	 the	symmetry?	 I	wonder	which	 pattern	will	 show	when	we	move	 onto	 numbers	with	 five	 places.	 I	 imagine	when	Megan	writes	numbers	with	five	places	I	will	begin	to	find	answers	to	my	wonderings.		 I	ask	Megan	to	write	twelve	thousand,	six	hundred	and	three	(12,603).	Megan	writes:	120,603-there	is	one	extra	zero,	creating	symmetry	around	the	comma	again.	It	seems	that	Megan	must	be	creating	symmetry	around	the	zero	because	this	number	concatenated	would	be:	12000603.	I	ask	Megan	to	write	another	five-digit	number	(34,920).	Megan	adds	the	same	zero	and	the	same	symmetry-340,920.	I	wonder	if	and	how	Megan’s	(mis)use	of	zeroes	for	symmetry	of	place	value,	impacts	her	reading	of	the	numbers.	Does	Megan	make	a	connection	between	the	comma	and	the	place-value	pattern	the	comma	makes	explicit?		One	by	one	I	show	Megan	cards	and	I	ask	her	to	read	the	numbers.	None	of	these	cards	have	commas.	For	the	five-	and	six-digit	cards,	the	cards	have	spaces	instead	of	commas.	I	wonder	how	Megan	will	interact	with	these	cards.	What	will	happen	to	Megan’s	symmetry?	Will	Megan	add	extra	zeroes	and	commas	to	make	sense	of	the	cards?	I	imagine,	based	on	our	interactions	so	far,	that	Megan	will	probably	not	add	any	marks	to	the	cards	if	I	do	not	explicitly	tell	her	she	is	allowed.	Then	how,	I	wonder,	will	Megan	reason	through	these	obstacles	to	symmetry?		
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I	present	Megan	with	cards	to	read	beginning	with	two-	and	three-digit	numbers	and	ending	with	six-digit	numbers.	Megan	does	not	pause	and	speaks	with	confidence	as	she	reads	the	two-,	and	three-digit	numbers.	Then,	as	each	place	value	is	added	to	each	card,	Megan	simultaneously	progresses	through	modes	of	understanding.	The	following	narrative	is	unique	amongst	our	other	experiences	for	three	reasons:		(1) As	Megan	reads,	I	do	not	intervene	in	any	way	for	any	of	the	numbers.		(2) Megan	often	gauges	my	verbal	and	non-verbal	cues	for	approval.	Yet,	here	she	does	not	look	to	me	for	approval-at	all.	Thus,	at	least	from	the	outside,	Megan	moves	through	the	tasks	unencumbered	by	perceptions	of	my	wants.	(3) At	other	times,	I	observe	Megan	distancing	herself,	from	tasks,	especially	in	group	situations.	In	our	meetings	this	often	occurs	when	Megan	is	faced	with	a	problematic	aspect	of	the	mathematics	together	with	no	clear	way,	verbal	or	non-verbal,	of	determining	her	own	accuracy.	Here,	even	though	Megan	experiences	difficulty	with	the	task	and	is	unsure	of	her	accuracy,	Megan	does	not	distance	herself	from	the	problem,	in	fact	she	persists	with	the	problem.			As	a	result	of	the	above	three	points	I	get	a	clear	view	of	growth	for	Megan.	Because	of	this	view	I	have	again	(see	Chapter	4,	section	4.6)	chosen	to	change	the	presentation	of	the	narrative.	In	what	follows,	I	first	zoom	in	through	presenting	a	table	(Table	6.1)	of	the	numbers	and	utterances.	I	then	zoom	in	further,	discussing	Megan’s	responses	and	movement.	To	indicate	where	I	am	in	my	analysis,	I	italicize	the	title	of	each	new	section	of	zooming	in.	Each	of	these	sections	begin	with	the	number	from	the	card	and	quote	from	the	transcript	that	I	am	analyzing.							
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The	First	Zooming	In:		














































	It	is	a	new	day,	and	I	am	preparing	the	video	cameras	before	my	session	with	Megan.	Megan	arrives	early.	In	front	of	my	seat	sit	my	notes,	open	to	the	first	of	today’s	task.	I	see	Megan	focused	on	reading	my	notes	(bold	as	in	the	original):			 “Zero	This	 one	 is	 for	 language-	do	 they	 regularly	use	 the	word	 “zero”	 or	
















Micro-Space	 Source	 Image	Making	I	mention	an	open	number-	line	strategy	(Gravemeijer,	1994)	 Megan	is	experiencing	difficulty	decomposing	tens	 Number	lines	can	be	open	Megan	learns	the	convention	that	a	line	with	an	arrow	on	either	side	is	continuous	
Observed	Classroom	Lesson	 Lines	can	be	continuous	
Megan	compares	the	number	line	I	give	her	to	the	ones	she	is	“used	to.”	 I	present	Megan	with	a	number	line	with	the	zero	away	from	the	beginning	of	the	line	







































































• Megan	 is	sharing	an	observation	as	an	answer.	This	observation	 is	of	 the	 inherent	structure	of	the	task	and	not	an	action	to	perform-she	is	given	no	instruction.	Thus,	Megan	is	gathering	knowings	that	conceptual	underpinnings	of	mathematical	ideas	exist.		 I	acknowledge	Megan’s	observation	and	ask	the	question	of	the	task,	“Which	zero	is	worth	more?”	Now	I	wonder	if	and	how	Megan	will	use	her	observation	to	answer	the	question.	The	question	is	functional	and	moves	Megan’s	attention	away	from	the	zeros	
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towards	the	function,	or	the	worth,	of	the	entire	numbers.	Megan	indicates	the	“150”	card	as	worth	more.	And,	indeed	her	reasoning	revolves	around	the	quantity	of	the	entire	number:		 “Because	of	there's	one	hundred	(points	to	the	one	in	150)	and	fifty	(points	to	the	
5)	and	this	one	(points	to	the	0	in	105)	is	a	hundred	and	five.”		Megan	looks	to	the	side	immediately	after	her	response.	I	confirm	Megan’s	reasoning	in	different	words	back	to	her:		 “So	it's	worth	more	(points	to	150)	because	it's	a	bigger	number?”		Megan	continues	to	look	to	the	side,	while	I	re-voice	her	reasoning,	and	through	her	subsequent	nod.	The	nod,	indicates	her	agreement	with	my	interpretation	of	her	answer.	However,	while	Megan	is	looking	to	the	side	and	nodding	she	is	still	revisiting	her	reasoning.	I	am	unsure	whether	my	reinterpretation	initiates	the	revisiting,	or	if	revisiting	her	own	thinking	is	now	another	evolution	of	Megan’s	growing	dispositions	towards	mathematics.	In	any	case,	I	view	Megan’s	nod	as	permission	to	go	on.	I	begin	to	explain	why	the	question	is	a	weird	question,	when	Megan	interrupts	me:			 “(No,	 uh	 actually)	 zero.	 They're	 both	 worth	 almost	 the	 same.	 Because	 this	(points	to	the	0	in	150)	 is	0	and	 this	 is	0	 (points	to	the	0	in	105).	And	 then	 the	numbers	have	to	count,	the	only	big	numbers	here	are	these	2	(pointing	to	1	and	




































In	placing	a	twelve	in	the	box,	Megan	has	just	demonstrated	a	common	misconception	about	the	equals	sign,	that	it	means	“the	answer”	(Knuth,	Stephens,	McNeil	&	Alibali,	2006).	As	Megan	moves	on	to	the	next	question,	I	try	to	bring	her	back	to	the	twelve.	I	am	not	surprised	that	Megan	writes	twelve	in	the	box;	I	am	surprised	that	the	“+5”	has	not	given	Megan	pause	to	think	further	about	the	problem.	I	wonder	what	and	if	Megan	is	thinking	about	the	“+5,”	and	why	she	seems	to	be	ignoring	this	step.	I	ask	Megan:		 “So,...So	what's	that	5	there	for?	What	are	you	supposed	to	do	with	that	5?”			Even	while	I	am	in	the	midst	of	asking	Megan	to	revisit	the	five,	she	continues	to	focus	on	the	next	question:	5	+	3	=	☐+	3.	She	counts	on	her	fingers	and	places	an	“8”	in	the	empty	box.	While	Megan	is	writing	the	“8”	she	shakes	her	head	and	answers	my	question:		 “I	don’t	know.”		Even	the	tone	of	Megan’s	answer	conveys	her	utter	lack	of	concern	at	the	“+5.”	Her	“I	don’t	know”	is	said	in	a	laissez-faire	manner.	Even	once	I	point	out	the	problem,	she	does	not	feel	a	need	to	stop	and	think.	Megan	explains	that:		 “It's	just	decoration.”		Students	with	mathematics	difficulties	are	sometimes	taught	to	focus	on	key	words	when	problem	solving	(Clement	&	Bernhard,	2005),	or	that	extraneous	information	might	be	“decoration”	when	they	are	working	out	word	problems.	I	wonder	if	this	is	where	Megan	has	built	her	image	of	decoration	from?	Wherever	this	image	arose,	Megan’s	“decoration”	argument	can	be	quite	problematic	as	it	has	the	potential	to	stymie	any	conflict	she	may	experience,	as	it	has	done	here.	In	effect	this	idea	has	effectively	shut	Megan	down.	Megan	does	not	need	to	think	about	the	conflicting	idea	of	“+5”	because	it	is	“decoration.”	I	want	to	probe	more.	But	since	Megan	is	feeling	absolutely	no	conflict	and	is	reasoning	the	“extraneous	numbers”	away,	I	worry	that	continued	probing	might	make	me	lead	Megan	to	
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the	answer	“I	want.”	I	have	done	this	before,	earlier	in	our	interactions	(see	section	6.4),	where	the	effect	of	my	intended	intervention	was	to	end	Megan’s	path.	Leading	Megan	to	the	answer	“I	want”	would	be	problematic	at	this	point,	as	she	is	moving	away	from	a	need	to	gauge	my	perceptions	with	every	answer.	I	decide	not	to	intervene	at	the	moment	as	any	interventions	would	probably	stymie	Megan’s	pathway,	again.			 Megan	remains	in	this	state	of	equilibrium	until	the	last	question	on	the	page,		20	–	0	=	6	+	☐ ,  where	Megan	encounters	both	a	positional	change	with	the	empty	space,	and	a	zero.	Megan	has	just	argued	for	the	subtraction	of	zero	page,	during	the	previous	task,	that,	“zero,	is	a	number	but,	like,	you	can't	minus	zero?”	Now	Megan	is	faced	with	subtraction	of	zero	yet	again.	Megan	stares	at	the	question:		MN:		 I	don't	get	this	one.	I:		 Ok,	what	are	you	thinking	about,	what	are	you	thinking?	MN:		 Twenty	minus	zero	equals	six...So	when	it's	six	plus	something	and	then	it	doesn't		say	the	answer.	So	you	don't	know.		I:		 Hmmm.	Does	twenty	minus	zero	equal	six?		Megan’s	explanation	is	in	a	matter	of	fact	tone.	To	her,	there	should	be	an	answer	where	the	“6”	is	on	the	page,	but	the	page,	of	which	she	has	given	agency,	is	not	putting	an	answer	in	the	right	place:	“it	doesn’t	say	the	answer.”	Because	the	problem	is	still	situated	within	something	outside	of	her	control-the	page	or	“it,”	Megan	is	not	in	the	midst	of	a	conflict	yet.	I	wonder	if	I	question	Megan	further	if	she	will	begin	to	see	the	contradiction	of	her	answers	in	the	empty	spaces.	To	get	Megan	to	think	about	the	conflict,	I	turn	her	reasoning	into	a	question:	“Does	twenty	minus	zero	equal	six?”			MN:		 I	don't	know	(shrugs).	yeah	(says	quickly	then	hesitates)...ummm	20,	19,	17	(touching	a	finger	with	each	count).	Oh.	(crosses	out	the	6	and	writes	20)	That's	20.	And	20...plus...(looks	at	my	face)I	don't	know.	Is	it	20	plus	zero	still?		 	
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	Figure	6.12	Crossing	Out	the	Six		Megan	interprets	my	question	as	an	imperative	to	calculate.	She	ignores	the	zero	and	begins	subtracting	six	from	twenty.	As	Megan	subtracts	the	numbers,	she	realizes	her	focus	should	be	on	the	twenty	and	the	zero.	Megan	decides	to	fix	the	page.	She	crosses	out	the	“6”	and	writes	“20”	in	its	place.	Now	Megan	is	looking	for	an	answer	to	put	in	the	empty	box.	However,	there	is	no	equals	sign	to	the	right	of	her	new	equation,	and	there	is	no	number	to	the	right	of	that	imaginary	equals	sign.	20	+	☐ 	=	a	number,	does	not	exist	on	the	page.	Consequently,	instead	of	focusing	to	the	right	of	her	new	equation,	Megan	is	forced	back	to	the	left	side-the	20	–	0	=.			MN:		 (writes	0	and	stares	at	it).	I:		 So	20	-	0	equals	20	+	0?	MN:		 (whispers)	twenty	plus...	yeah	I	think	it's	zero.		
	Figure	6.13	The	Answer	is	Zero		Megan	places	a	zero	in	the	empty	box.	She	looks	unsure.	Megan	is	building	an	image	around	zero	here.	Zero	is	acting	as	a	balance	(motion	metaphor),	and	zero	is	being	acted	upon	(object	construction	metaphor).	I	decide	to	push	Megan’s	thinking	by	reading	the	new	equation,	with	the	second	zero,	aloud	to	her.	Megan	accepts	the	zero	as	an	answer.	However,	I	wonder	why	Megan	is	whispering.	Is	she	still	unsure	of	something?	Maybe	it	is	the	zero	because	“you	can’t	minus	zero.”		Notably	Megan	has	veered	completely	away	from	her	previous	reasoning	around	extraneous	information	and	“decoration.”	There	is	no	segue	
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		 The	words	“specific	intervention”	can	be	thought	of	in	more	than	one	way.	One	way	to	think	of	“specific	intervention”	is	as	a	prescriptive	strategy	that	intervenes	and	makes	change.	I	think	this	may	have	been	the	one	I	was	thinking	about	when	I	originally	asked	the	question.	However,	the	finding	that	resulted	from	this	study	actually	looked	at	a	very	different	aspect	of	intervention,	one	more	in	line	with	the	recursiveness	of	the	knowledge	and	understanding	I	was	studying	in	the	first	place.	I	found	that	the	intervention	is	not	a	tangible	strategy	that	one	can	do,	but	a	space	or	juncture	where	access	to	the	mathematics	and	change	becomes	possible.	Still,	the	expectation	of	“intervention”	as	a	strategy	plays	an	important	role	in	these	spaces,	and	in	what	follows	I	explicate	these	spaces	and	their	role	in	intervening	with	learners	experiencing	mathematical	difficulties.				 Because	the	spaces	occur	in	small	moments	and	are	the	result	of	micro-looks,	I	call	these	junctures	“micro-spaces	of	growth.”		I	have	chosen	to	use	this	new	label	of	“micro-space”	for	two	reasons:			 (i) As	will	be	elaborated	upon	below,	these	micro-spaces	are	different	from	the	larger	changes	typically	reported	in	research.		
																																																								21	See	section	4.5	for	an	example	of	Melissa	and	Angela	exploring	the	value	of	the	implicit	zero	
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the	outcome	was	not	determined	before	the	encounter.	This	makes	the	fluid	micro-space	more	complicated	in	comparison	to	the	inflexible	micro-space.	In	fluid	space	there	is	more	potential	for	tension	because	growth	is	not	pre-determined	and	may	result	from	a	cognitive	conflict	(see	section	7.3.1).	Note	the	depiction	of	fluid	micro-space	in	Figure	7.3.		The	arrows	move	in	every	direction,	indicating	the	potential	that	interventions	have	for	growth.	The	space	also	has	dotted	lines	surrounding	it,	indicating	the	permeability	and	flexibility	of	the	space:			 Expectation			 	 						 	 	 	 Result		
												Figure	7.3			Fluid	Micro-Space	Between	Expectation	and	Result		 The	inflexible	micro-space	does	not	have	much	variation,	as	the	outcome	of	an	interaction	in	fixed	micro-space	is	fixed.	Because	of	this,	the	space	is	not	respondent	to	interventions.	Note	in	Figure	7.4	that	there	is	one	linear	arrow	between	expectation	and	result,	and	there	are	no	lines	indicating	the	permeability	around	the	space.	Instead	the	space	conveys	a	denseness.			Expectation	 	 	 	 	 	 	 Result								Figure	7.4	Inflexible	Micro-Space	Between	Expectation	and	Result		This	type	of	micro-space	was	resistant	to	change	because	reasoning	in	this	space	tended	to	be	circular	and	within	parameters	that	may	not	make	sense	mathematically.	A	prime	example	of	the	inflexible	micro-space	was	with	one	of	the	new	findings	of	this	research:	contrary	to	recommendations	by	researchers	(e.g.	Bryant	et	al.,	2006),	memorizing	the	rules	for	the	zero	identity	property,	and	other	zero	computations,	did	not	aid	in	
	 210	











Angela	may	never	fill	her	space	thus	she	may	never	create	that	image.	This	non-resolution	does	not	negate	the	growth	that	has	just	occurred.		 Similarly,	Melissa	also	experienced	similar	moments	of	oscillating	and	gathering,	planting	and	thickening	as	she	detoured	around	her	explanation	of	what	zero	is.	Many	of	Melissa’s	expectations	were	not	voiced,	but	were	communicated	through	her	gestures:			“Infinity.	 The	 zeroes...	 (looking	up).	 Infinity	would	 beeee	 (hand	goes	up,	opens,	
like	 about	 to	 grasp)...	 I	 feel	 like	 because...	 (moving	 hand	 like	 she	 is	 grabbing	
something).	Zero's	nothing	(puts	hand	down).”		Melissa’s	first	expectation	was	that	a	connection	could	be	drawn	between	zero	and	infinity.	This	expectation	then	got	put	aside	as	Melissa	looked	up	and	entered	her	first	micro-space.		She	had	an	expectation	around	zeroes:	“The	zeroes…”.	Melissa	gathered	something	as	she	looked	up,	though	I	am	still	not	sure	what	that	was	because	I	was	only	able	to	notice	the	gathering	and	not	the	contents	of	the	space.	Whatever	the	gathering	was,	it	caused	Melissa	to	oscillate	towards	gathering	a	definition	for	infinity.	This	was	Melissa’s	third	expectation-	that	infinity	can	be	defined.		Next,	Melissa	in	her	new	micro-space,	tried	to	physically	grasp	that	definition	of	infinity,	however	the	definition	remained	elusive.	In	that	moment	before	realization,	Melissa	experienced	a	micro-moment	of	growth	around	infinity.	This	growth	did	not	further	spur	Melissa	on	to	collect	and	plant	understandings,	instead	she	came	to	the	conclusion	that	“Zero’s	nothing.”		 Megan’s	experience	of	explaining	what	she	thinks	zero	is,	was	a	prime	example	of	the	gathering	and	planting	of	micro-spaces	of	growth	that	occurs	over	time.	This	example	also	points	to	the	retroactivity	that	is	involved	in	identifying	those	moments.	In	section	6.8,	I	present	a	full	discussion	of	Megan’s	micro-moments	and	her	gathering	of	understandings.	Here,	I	quickly	review	the	occurrence	and	connect	Megan’s	activity	of	collection	with	the	aforementioned	examples.			
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Purpose of the research: This	study	brings	together	two	understudied	areas	 in	mathematics	education:	children	who	experience	difficulties	in	mathematics,	and	the	number	zero.	Through	this	exploration	we	will	 analyze	 the	 understandings	 that	 children	 have	 about	 zero	 and	 the	mathematical	concepts	 that	 stem	 from	 understandings	 of	 zero	 and	 possible	 teaching	 strategies	 and	activities	that	help	children	to	understand	different	mathematical	ideas	and	number	sense	concepts	about	zero.		In	mathematics	education	research	zero	is	a	known	area	of	difficulty	for	many	students.	Misconceptions	 regarding	 zero,	 for	 example	 that	 zero	 represents	 nothing	 and	 is	 not	 a	number,	can	persist	into	university	and	adulthood.	These	misconceptions	can	be	barriers	to	success	 in	 mathematics	 and	 can	 prevent	 students	 from	 understanding	 more	 advanced	concepts.			Two	primary	goals	of	this	study	are	to	explore	how	children	interact	with	zero	as	a	number	 with	 mathematical	 properties	 and	 as	 a	 mathematical	 concept,	 and	 to	 examine	different	 activities	 and	 strategies	 that	 may	 enable	 the	 children	 to	 build	 richer	understandings	of	zero	and	number	sense	concepts.		
	
What	you	will	be	asked	to	do	in	the	research:			If	 your	 child	 participates	 in	 this	 study	 he/she	 will	 be	 observed	 in	 the	 classroom	 as	he/she	participates	in	the	regular	activities	of	the	class	during	their	mathematics	lessons.	
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We	may	 take	 photocopies	 and/or	 photographs	 of	 your	 child’s	work.	We	may	 also	 invite	your	child	to	participate	in	a	set	of	video-taped	problem-solving	tasks	interview	sessions.	The	purpose	of	the	initial	session	will	be	to	introduce	number	sense	concepts	that	may	be	missing	 and/or	 correct	 misconceptions	 and	 determine	 what	 interventions	 may	 be	appropriate.	After	the	 initial	session,	 interventions	will	be	developed	specifically	 for	your	child	based	on	analysis	of	the	first	session.	Following	the	development	of	the	interventions,	will	be	a	set	of	5-8	sessions	 implementing	 the	 interventions.	 In	 these	sessions	your	child	will	 be	 asked	 to	work	on	mathematics	 problems	 and	 tasks,	 sometimes	utilizing	different	manipulatives.	These	problem-solving	sessions	will	also	be	audio-	and	videotaped	and	your	child	may	be	asked	questions	such	as	 “How	did	you	reach	 that	answer”	or	 “Why	did	you	add	 those	 two	 numbers	 together?”	 in	 order	 to	 help	 us	 better	 understand	 your	 child’s	mathematical	thinking	process.			The	 researchers	 will	 be	 available	 to	 discuss	 any	 aspect	 of	 the	 research	 at	 any	 point	during	 the	study.	A	written	report	will	be	made	available	 to	you	at	 the	conclusion	of	 the	study.	 If	 you	wish	 to	 receive	 a	 copy	 of	 the	 final	 report	 of	 the	 study	 you	must	 check	 the	appropriate	box	in	the	signature	section	of	this	form.	You	will	be	responsible	for	ensuring	that	you	provide	ongoing	contact	details	to	us	until	such	time	as	the	report	is	prepared.		
Risks	and	discomforts:		If	you	allow	your	child	to	participate	in	the	study,	and	if	your	child	will	be	interviewed,	you	are	agreeing	to	her	being	video-	and	audio-taped	for	data	collection	purposes,	and	you	are	 given	 a	 choice	 how	 those	 clips	may	 be	 used.	 You	 can	 choose	 separately	whether	 to	allow	clips	to	be	used	in	scholarly	presentations	or	publications	and/or	in	the	researchers’	teaching.			The	videotaped	data	will	be	transferred	to	a	password-protected	external	digital	storage	device	and	the	storage	device	will	be	kept	in	a	locked	cupboard.			Video	 and	 audio	 data,	 selected	 for	 potential	 use	 in	 conference	 presentations,	 papers,	classroom	 teaching	 etc.,	 may	 be	 retained	 under	 secure	 conditions,	 and	 will	 be	 securely	archived	after	January	1	2030	but	not	destroyed.	If	you	do	agree	to	the	public	use	of	these	clips,	your	child	will	always	be	referred	to	by	a	pseudonym.	Still,	 there	remains	a	chance	that	your	child	could	be	recognized	by	a	member	of	the	audience.	Also,	with	the	popularity	of	cell	phone	cameras,	there	is	some	risk	that	if	data	clips	featuring	your	child	are	shown	in	scholarly	presentations,	an	audience	member	could	make	a	personal	recording	of	some	or	all	of	the	presentation,	and	make	this	material	viewable	online.		
Benefits	of	the	research	and	benefits	to	you:	Participating	in	this	study	may	have	no	direct	benefit	to	your	child,	as	the	strategies	and	activities	may	not	be	effective	for	your	child.	It	is	possible	that	the	strategies	and	activities	may	 be	 effective	 and	 that	 she	 may	 find	 the	 participation	 in	 research	 and	 the	 interview	process	 interesting.	 The	 research	 will	 contribute	 to	 the	 body	 of	 knowledge	 about	difficulties	 students	experience	 in	mathematics	and	mathematical	 interventions	 that	may	enable	access	to	mathematical	concepts.	
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Voluntary	participation:	Your	child’s	participation	in	the	research	is	completely	voluntary	and	participants	may	choose	 to	 stop	 participating	 at	 any	 time.	 A	 participant’s	 decision	 not	 to	 continue	participating	will	not	 influence	 their	 relationship	or	 the	nature	of	 their	 relationship	with	researchers	or	with	staff	of	York	University	either	now	or	in	the	future.	
 
Withdrawal from the study:   Your	child’s	participation	in	this	study	is	completely	voluntary.	We	ask	that	you	discuss	the	 study	 with	 your	 child	 and	 ensure	 that	 they	 are	 happy	 to	 participate.	 We	 will	 also	provide	information	directly	to	your	child	and	seek	their	assent	before	starting	the	study.	If	you	allow	your	child	to	participate	and	later	change	your	mind,	you	may	withdraw	him/her	from	the	study	at	any	time	without	giving	a	reason	by	contacting	Robyn	Ruttenberg-Rozen	(contact	details	above).			Your	 child	 may	 stop	 participating	 in	 the	 study	 at	 any	 time,	 for	 any	 reason,	 if	 you	 so	decide.	 Your	 child	 may	 also	 withdraw	 him/herself	 from	 the	 study	 by	 making	 his/her	wishes	known	to	the	research	team.	Your	or	your	child’s	decision	to	stop	participating,	or	to	 refuse	 to	 answer	 particular	 questions,	 will	 not	 affect	 their	 relationship	 with	 the	researchers,	York	University,	or	any	other	group	associated	with	this	project.	In	the	event	that	 you	 withdraw	 your	 child	 from	 the	 study,	 all	 associated	 data	 collected	 will	 be	immediately	destroyed	wherever	possible.		






I grant permission for excerpts of videotapes in which my child 
appears to be used publicly in the researchers’ teaching.   
















If	 you	 are	 happy	 to	 participate	 in	 Creating	 images	 of	 zero	 and	 number	 sense	
concepts	around	zero	conducted	by	Robyn	Ruttenberg-Rozen	(and	 if	your	parent	
or	guardian	also	agrees)	 then	please	sign	below.	 You	are	 free	 to	withdraw	 from	






Appendix	B	(Survey)	Dear	Parents	or	Guardian,	If	you	have	given	permission	for	your	child	to	participate	in	the	interview	and	mathematical	tasks,	we	would	like	to	understand	your	child’s	history	with	mathematics.	Understanding	your	child’s	history	will	help	us	to	create	tasks	for	your	child.	Below	are	5	optional	questions	about	the	mathematical	background	of	your	child.	Your	answers	to	these	questions	will	be	kept	confidential	and	will	not	be	shared	with	the	school	or	your	child’s	classroom	teacher.	The	only	people	that	will	have	access	to	your	answers	will	be	myself	and	my	supervisor.	You	may	decline	to	answer	any	or	all	of	the	questions.	To	ensure	confidentiality,	when	you	have	completed	this	form,	please	place	it	in	the	enclosed	envelope,	seal	it	and	return	it	with	your	child	to	school.			Name	of	student:__________________________________________________________			Age:____________________________________________________________________			Date	of	Birth:____________________________________________________________			 	1. What	do	you	think	your	child’s	experience	with	mathematics	has	been	in	school?	__________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________	Decline	to	answer	☐		2. What	kinds	of	difficulties	and	challenges	has	your	child	experienced	with	mathematics?		 	__________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________	Decline	to	answer	☐		 			
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3. Does	your	child	use	extra	help	resources	(i.e.	after-school	program,	tutor,	in	school	special	help,	etc.)	to	help	with	mathematics	learning?	__________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________	Decline	to	answer	☐		4. Has	your	child	been	diagnosed	with	a	learning	disability,	AD(H)D,	or	another	disability	that	may	impede	their	mathematics	learning?	If	your	child	has	been	diagnosed	with	AD(H)D	or	a	learning	disability,	is	there	a	type	(i.e.	inattention,	hyperactive,	working	memory,	language…	etc.)	associated	with	the	diagnosis?	__________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________	Decline	to	answer	☐		5. Does	your	child	have	an	IEP	(Individual	Education	Plan)	for	mathematics?	__________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________	Decline	to	answer	☐		
